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ON Lp−BOUNDEDNESS OF PSEUDO-DIFFERENTIAL OPERATORS
OF SJO¨STRAND’S CLASS
JAYSON CUNANAN
Abstract. We extended the known result that symbols from modulation spacesM∞,1(R2n),
also known as the Sjo¨strand’s class, produce bounded operators in L2(Rn), to general Lp
boundedness at the cost of lost of derivatives. Indeed, we showed that pseudo-differential
operators acting from Lp-Sobolev spaces Lps(R
n) to Lp(Rn) spaces with symbols from the
modulation space M∞,1(R2n) are bounded, whenever s ≥ n|1/p − 1/2|. This estimate is
sharp for all 1 ≤ p ≤ ∞.
1. Introduction
Given a symbol σ ∈ S ′(R2n), we define a pseudo-differential operator in Rn by
(1) σ(x,D)f(x) =
∫
Rn
e2piix·ξσ(x, ξ)fˆ (ξ) dξ, f ∈ S(Rn),
where fˆ(ξ) = Ff(ξ) =
∫
Rn
e−i2pix·ξf(x) dx is the Fourier transform of f. It is clear that
σ(x,D)f is well-defined as a temperate distribution. These operators play essential roles in
many fields including, partial differential equations (PDEs), quantummechanics, and signal
processing. Boundedness results of pseudo-differential operators on Lp−Sobolev spaces are
of special interest since they imply regularity results of the corresponding PDEs.
A thorough analysis of such operators have been carried on for Ho¨rmander’s classes,
Smρ,δ,m ∈ R, 0 ≤ δ ≤ ρ ≤ 1, of smooth functions σ(x, ξ) satisfying the estimates
|∂αx ∂
β
ξ σ(x, ξ)| ≤ Cα,β(1 + |ξ|)
m−ρ|β|+δ|α|,
for all multi-indexes α and β. In particular, the classical Calderon-Vaillancourt theorem
[15] states that symbols belonging to S00,0 produce bounded operators on L
2. In [16, 17],
Sjo¨strand extended this result on L2 boundedness by introducing a new class of sym-
bols, containing S00,0, which do not require boundedness of the derivatives of the symbols.
This new class is later identified as the modulation space M∞,1, first introduced in time-
frequency analysis by Feichtinger [7, 8, 9]. Roughly speaking, elements ofMp,q are distribu-
tions with the same local regularity as a function whose Fourier transform is in Lq and has
decay properties of an Lp function (see section 2 for details). In [11, 12], Gro¨chenig and
Heil then significantly extended Sjo¨strand’s result to boundedness of pseudo-differential
operators on all modulation spaces.
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For general Lp boundedness, Ho¨rmander showed in [13] that mp = n(1 − ρ)|1/p − 1/2|
is the critical decreasing order for the Lp boundedness of pseudo-differential operators in
Smρ,δ. Several sufficient conditions are known for the L
p boundedness of pseudo-differential
operators of Ho¨mander classes, we refer the reader to [1] and the references therein for a
detailed account. For symbols in M∞,1, it remains to know the minimal loss of derivatives
required to achieve Lp boundedness for all 1 ≤ p ≤ ∞.
Our goal in this note is to give sufficient and necessary conditions for the boundedness
of pseudo-differential operators whose symbols come from M∞,1(R2n) acting on Lps(Rn) to
Lp(Rn). The following theorem is our main result.
Theorem 1.1. Let 1 ≤ p ≤ ∞. Then the pseudo-differential operator σ : S(Rn)→ S ′(Rn)
having symbols in M∞,1(R2n) extends to a bounded operator from Lps(Rn) to Lp(Rn) if and
only if s ≥ n|1/p− 1/2|.
In classical literatures for Lp boundedness of operators in Ho¨rmander’s classes, results
often require much stronger assumption, than simply belonging to a particular Smρ,δ, when
dealing with the endpoints p = 1,∞. As an illustration, it is known that the converse of
Theorem 4.1 in Section 4 does not hold for p = 1 and p =∞. Although, Fefferman proved
in [6] the converse of Theorem 4.1 for the case 1 < p < ∞. Here, Theorem 1.1 shows the
advantage of taking symbols in M∞,1(R2n) since we are able to show boundedness for all
1 ≤ p ≤ ∞.
We organize this note as follows. Section 2 will consist of notations, definitions and
properties of the involved functions spaces. In Section 3 and Section 4, we prove the
sufficient and necessary conditions, respectively, for the boundedness of pseudo-differential
operators Lps(Rn)→ Lp(Rn).
2. Preliminaries
Notations. The Schwartz class of test functions on Rn shall be denoted by S(Rn) and
its dual, the space of tempered distributions, by S ′(Rn). The Lp(Rn) norm is given by
||f ||Lp = (
∫
Rn
|f(x)|p dx)1/p whenever 1 ≤ p < ∞, and ||f ||L∞ = ess.supx∈Rn |f(x)|. The
Fourier transform of a function f ∈ S(Rn) is given by
Ff(ξ) = fˆ(ξ) =
∫
Rn
e−i2pix·ξf(x) dx
which is an isomorphism of the Schwartz space S(Rn) onto itself that extends to the
tempered distributions S ′(Rn) by duality. The inverse Fourier transform is given by
F−1f(x) = fˇ(x) =
∫
Rn
ei2piξ·xf(ξ) dξ. Given 1 ≤ p ≤ ∞, we denote by p′ the conjugate ex-
ponent of p (i.e. 1/p+1/p′ = 1). The translation operator is defined by Txf(t) = f(t−x).
We now recall the definitions of the function spaces to be used in this article.
Lp-Sobolev: We adapted Stein’s notation [18] and define the Lp-Sobolev norm by
||f ||Lps = ||((1 + | · |
2)sf̂(·))∨||Lp .
We remark that this notation should not be interchanged with the set of all f such that
(1 + |x|2)s/2f belongs to Lp.
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Modulation spaces. Let s ∈ R, we denote 〈ξ〉s = (1 + |ξ|2)s/2, ξ ∈ Rn. The class of
weight functions to be used in this note will be denoted by νs1,s2(x, ξ) = 〈x〉
s1〈ξ〉s2 , si ∈
R, i = 1, 2, on R2n or m(x, ξ, ζ1, ζ2) = 〈x〉
s1〈ξ〉s2 = (νs1,s2 ⊗ 1)(x, ξ, ζ1, ζ2), on R
4n. For
1 ≤ p, q ≤ ∞, the modulation space Mp,qm consists of all tempered distributions f ∈ S ′(Rn)
such that the norm
||f ||Mp,qm =

∫
Rn

∫
Rn
|Vgf(x, ξ)|
pm(x, ξ)p dx


q/p
dξ


1/q
,
is finite, with usual modifications if p or q = ∞. Here Vgf denotes the short-time Fourier
transform (STFT) of f ∈ S ′(Rn) with respect to the window 0 6= g ∈ S(Rn) defined by
Vgf(x, ξ) =
∫
Rn
f(y)g(y − x)e−2piiy·ξ dy.
The modulation spaceMp,qm (Rn) is a Banach space whose norm is independent of the choice
of the window g. If m ≡ 1, we write Mp,q. A weighted modulation space in R2n will be
denoted by Mp,qνs1,s2⊗1
(R2n).
Wiener amalgam spaces: For 1 ≤ p, q ≤ ∞, s ∈ R and 0 6= g ∈ S, the Wiener
amalgam space W p,qs (Rn) consists of all tempered distributions f ∈ S ′(Rn) such that the
norm
||f ||W p,qs := ||f ||W (FLqs ,Lp) =

∫
Rn

∫
Rn
|F(f · Tyg)(ω)|
q〈ω〉sq dω


p/q
dy


1/p
,
is finite, with usual modifications if p or q = ∞. If s = 0 we simply write W p,q instead of
W p,q0 . We note that this definition is independent of the choice of window g. We denote
the closure of the Schwartz class S(Rn) in the W p,qs -norm by W
p,q
s (Rn). If 1 ≤ p, q < ∞
then Wp,qs = W
p,q
s .
We collect properties of Wiener amalgam spaces in the following lemma. We note also
that analogous properties hold for modulation spaces. In fact, FW p,q =Mp,q.
Lemma 2.1. Let p, q, pi.qi ∈ [1,∞] for i = 1, 2 and sj ∈ R for j = 1, 2. Then
(1) S(Rn) →֒W p,q(Rn) →֒ S ′(Rn);
(2) S is dense in W p,q if p and q <∞;
(3) If q1 ≤ q2 and p1 ≤ p2, then W
p1,q1 →֒ W p2,q2 ;
(4) If s1 ≥ s2, then W
p,q
s1 →֒W
p,q
s2 ;
(5) 〈D〉−s : W p,q →W p,qs , f 7→ (f̂(·)〈·〉−s)∨ , is an isomorphism;
(6) (Convolution) If FLq1 ∗ FLq2 →֒ FLq and Lp1 ∗ Lp2 →֒ Lp, then
W (FLq1 , Lp1) ∗W (FLq2 , Lp2) →֒ W (FLq, Lp).
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(7) (Complex interpolation) For 0 < θ < 1. Let
1
p
=
θ
p1
+
1− θ
p2
,
1
q
=
θ
q1
+
1− θ
q2
and
s = θs1 + (1− θ)s2. Then
[Wp1,q1s1 ,W
p2,q2
s2 ][θ] =W
p,q
s ;
(8) (Duality) (Wp,qs )′ = W
p′,q′
−s , where 1/p+ 1/p
′ = 1 = 1/q + 1/q′, p, q 6=∞.
The proofs of these statements can be found in [7, 10, 9, 19].
Pseudodifferential operators in the form (1) are referred as Kohn-Nirenberg correspon-
dence. Now we give another form which is called the Weyl quantization, and can be defined
as follows:
Lσf(x) =
∫ ∫
e2pi(x−y)ξσ(
x+ y
2
, ξ)f(y) dydξ.
Our interest in using this form is due to its adjoint, namely, L∗σ = Lσ¯. Moreover, for
symbols in modulation spaces, boundedness results can be obtained using either the Kohn-
Nirenberg or Weyl form. This statement will be made clear by Remark 2.1.
We quote the following result in [?, Theorem 14.3.5].
Theorem 2.1. Let T be a continuous linear operator mapping S(Rn) into S ′(Rn). Then
there exist tempered distributions K,σ, a ∈ S ′(R2n), such that T has the following repre-
sentations:
(i) as an integral operator 〈Tf, g〉 = 〈K, g ⊗ f¯〉, for f, g ∈ S(Rn);
(ii) as a pseudodifferential operator T = Lσ, with Weyl symbol σ and T = a(x,D) with
Kohn-Nirenberg symbol a.
The relations between K,σ, a are given by
(2) σ = F2τsK, a = Uσ
where F2 is the partial Fourier transform in the second variable, τs is the symmetric co-
ordinate transformation τsK(x, y) = K(x+ y/2, x− y/2) and the operator U is defined by
Ûσ(ω, u) = epiiωuσˆ(ω, u).
Remark 2.1. Since, σ(x,D) = LU−1σ, and the fact that M
∞,1 is invariant under U−1
implies that boundedness results for Kohn-Nirenberg and Weyl form are interchangeable
for symbols in M∞,1 (see [?, Corollary 14.5.5]).
3. Sufficient condition
The proof for the sufficient conditions of Theorem 1.1 utilize the inclusion relations
between Lp−Sobolev and Wiener amalgam spaces W p,q described in [5]. For (1/p, 1/q) ∈
[0, 1] × [0, 1], the indices τ1(p, q) and τ2(p, q) are defined as follows:
τ1(p, q) =


0 if (1/p, 1/q) ∈ I∗1 : min(1/p
′, 1/2) ≥ 1/q
1/p + 1/q − 1 if (1/p, 1/q) ∈ I∗2 : min(1/q, 1/2) ≥ 1/p
′
1/q − 1/2 if (1/p, 1/q) ∈ I∗3 : min(1/p
′, 1/q) ≥ 1/2
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1/q
1/p
1
1
1/2
1/20
I∗2
I∗1
I∗3
1/q
1/p
1
1
1/2
0
I2
I3
I1
1/2
Figure 1. The index sets for Lps −W p,q inclusion
τ2(p, q) =


0 if (1/p, 1/q) ∈ I1 : max(1/p
′, 1/2) ≤ 1/q
1/p + 1/q − 1 if (1/p, 1/q) ∈ I2 : max(1/q, 1/2) ≤ 1/p
′
1/q − 1/2 if (1/p, 1/q) ∈ I3 : max(1/p
′, 1/q) ≤ 1/2
where 1/p+ 1/p′ = 1 = 1/q + 1/q′. Refer to Figure 1 for a visualization.
Theorem 3.1 ([5]). Let 1 ≤ p, q ≤ ∞ and s ∈ R. Then Lps →֒W p,q if one of the following
conditions is satisfied.
(1) p > q, q < 2 and s > nτ1(p, q);
(2) p 6= 1, max(1/p, 1/2) ≥ 1/q and s ≥ nτ1(p, q);
(3) p = 1, q =∞ and s ≥ nτ1(1,∞);
(4) p = 1, q 6=∞ and s > nτ1(1, q).
Theorem 3.2 ([5]). Let 1 ≤ p, q ≤ ∞ and s ∈ R. Then W p,q →֒ Lps if one of the following
conditions is satisfied.
(1) p < q, q > 2 and s < nτ2(p, q);
(2) p 6=∞, min(1/p, 1/2) ≤ 1/q and s ≤ nτ2(p, q);
(3) p =∞, q = 1 and s ≤ nτ2(∞, 1);
(4) p =∞, q 6= 1 and s < nτ2(1, q).
In the work of Cordero, Tabacco and Wahlberg [4, Corollary 3.11], they showed how
symbols in modulation spaces Mp,q(R2n) produces bounded Fourier integral operators in
Wiener amalgam spaces W p,q(Rn). Choosing the phase Φ(x, ξ) = x · ξ, this result reduces
to boundedness of pseudo-differential operators of Kohn-Nirenberg correspondence. For
the ease of reference, we write a particular case of their result as follows.
Corollary 3.1. Given σ ∈ M∞,1(R2n). Then the operator σ(x,D) extends to a bounded
operator on Wiener amalgam spaces W p,q(Rn).
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Proof of IF part on Theorem 1.1. First, we let
q = 2 if 1 ≤ p ≤ 2.
Then using the embedding results Theorem 3.1 and Theorem 3.2, we can say that W p,q →֒
Lp and Lps →֒W p,q whenever s ≥ n(1/p+1/q− 1) for 1 ≤ p ≤ 2. The desired boundedness
now follows from the following commutative diagram.
W p,q
σ
−−−−→ W p,q
Inclusion
x yInclusion
Lps
σ
−−−−→ Lp
Substituting the appropriate value of q we have s ≥ n(1/p − 1/2) for 1 ≤ p ≤ 2. By
Remark 2.1 the result for p > 2 follows by duality on the corresponding Weyl quantization.

Remark 3.1. The inclusion relations between Lp−Sobolev spaces and modulation
spaces Mp,q are known due to [14]. Using a similar argument as above, one can conclude
boundedness results but with worse estimates for s. Namely, s ≥ 2n|1/p − 1/2|.
4. Necessary condition
Boundedness results of pseudo-differential operators having symbols in weighted mod-
ulation spaces acting on Lp spaces is equivalent to boundedness results of operators with
symbols in unweighted modulation spaces acting on Lp−Sobolev spaces. More specifically,
we have the following proposition.
Proposition 4.1. Let σ(x,D) and σ˜(x,D) be pseudodifferential operators such that
σ˜(x, ξ) = σ(x, ξ)〈ξ〉s, x, ξ ∈ Rn, s ∈ R.
Then
(1) the operator σ(x,D) is bounded from Lp(Rn) to itself if and only if σ˜(x,D) is
bounded from Lps(Rn) to Lp(Rn).
(2)
σ ∈M∞,1ν0,s⊗1(R
2n)⇐⇒ σ˜ ∈M∞,1(R2n).
Proof. The proof of (1) is a direct consequence of the following commutative diagram.
Indeed, the vertical arrows define isomorphisms:
Lp
σ
−−−−→ Lp
〈D〉s
x yIdentity
Lps
σ˜
−−−−→ Lp
Also, by [19, Corollary 2.3], multiplication by a weight function η(x, ξ, ζ1, ζ2) = 〈ξ〉
s,
x, ξ, ζ1, ζ2 ∈ R
n is an isomorphism from M∞,1ν0,s⊗1(R
2n) to M∞,1(R2n), thus (2). 
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Remark. For the general case of Fourier integral operators of Proposition 4.1, we refer
the reader to [3, Proposition 2.8], where the authors rephrased boundedness of FIO with
symbols in weighted modulation spaces acting on unweighted modulation spaces by FIO
with symbols in unweighted modulation spaces acting on weighted modulation spaces.
We recall the following theorem by Ho¨rmander which gives the critical decreasing order
for the Lp boundedness of pseudo-differential operators σ(x,D) in Op(Ssρ,δ).
Theorem 4.1 (Ho¨rmander). Let 0 ≤ δ ≤ ρ ≤ 1 and δ < 1. Then
Op(Ssρ,δ) ⊂ L(L
p(Rn)) =⇒ s ≤ −n(1− ρ)|1/p − 1/2|
Proof of the converse of Theorem 1.1. By Proposition 4.1 it suffice to show that
(3) Op(M∞,1ν0,s⊗1(R
2n)) ⊂ L(Lp(Rn)) =⇒ s ≥ n|1/p − 1/2|.
In [12], Gro¨chenig and Heil proved the following embedding S00,0 →֒ M
∞,1. Using the
fact that,〈D〉−sM∞,1(R2n) = M∞,1ν0,s⊗1(R
2n), σ(x,D)〈D〉−s ∈ Op(S−s0,0) whenever σ ∈ S
0
0,0,
we conclude that S−s0,0 →֒M
∞,1
ν0,s⊗1
(R2n). Using this inclusion on (3) together with Theorem
4.1 gives the desired estimate. 
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